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Abstract 

A free lattice fermion field theory in 1+1 dimensions can be interpreted as SOS- 
type model, whose spins are integer-valued. We point out that the relation between 
these spins and the fermion field is similar to the abelian bosonization relation between 
bosons and fermions in the continuum. Though on the lattice the connected 2ri-point 
correlation functions of the integer- valued spins are not zero for any n > 1, the two- 
point correlation function of these spins is that of free bosons in the infrared. We also 
conjecture the form of the Wess-Zumino-Witten chiral field operator in a nonabelian 
lattice fermion model. These constructions are similar in spirit to the "twistable string" 
idea of Krammer and Nielsen. 
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1 Introduction 



The observation that boson excitations exist in theories of fermions in one space and 
one time dimension was first made by Tomonaga 0. Subsequent advances were made 
for the Luttinger model f2| and the massive Thirring model y]. 

The relation of the gradient of a one-component boson field <fi and the current of a 
one-flavor dirac fermion field ip is 

: ^7/^ : = n~*e ia ,&'<f> , (1) 

where fi, v = is the time index and /i, v = 1 is the space index. One can show that 
the local commutation relations of the operators on each side of equation (||) are the 
same. This relation is not easily generalized to the lattice where the algebra of the 
local fermion currents does not close. In fact, one does not expect a precise lattice 
analogue of (|I|). The best one can hope for is that a "good" set of mutually commuting 
operators can be defined in a free lattice fermion theory. Such a set of operators would 
be good in the sense that their correlation functions become those of free boson fields 
in the infrared. In other words, the boson correlation functions should flow along 
renormalization-group trajectories to the correlation functions of the gaussian model. 
Integrating equation (|l|) for \i = gives 

<P(x)=:^ [ X dz{^(z)iP(z)}:, (2) 
Jo 

where one boundary is at x = 0. The constant of integration is fixed to zero by the 
requirement that the vaccumm expectation value of is zero. We will show that there 
is a natural lattice analogue of (||). 

A free lattice fermion field theory in 1+1 dimensions can be interpreted as SOS-type 
model, whose spins are integer-valued. We point out that the relation between these 
spins and the fermion field is similar to the bosonization relation between bosons and 
fermions in the continuum. While the connected 2n-point correlation functions of the 
integer- valued spins are not zero for any n > 1, the two-point correlation function of 
these spins is that of free bosons in the infrared. This supports the arguments of den 
Nijs that in the massless phase, SOS-type models are described in the infrared by the 
gaussian model ||]. 

We begin by considering the antiferromagnetic XX chain ||, with hamiltonian 

i JV-l 

ff^EEft, (3) 

where the spin operators at each lattice site, n, are pauli matrices cx^, a y n and a z n , with 

The XX chain can be viewed as a lattice model of free relativistic fermions. This 
can be seen by making a Jordan- Wigner transformation || to Fermion fields 

* = (*) ■*' = ($)■ (4) 
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where 



21 21 

a \ = °2l+l II (~ i(T m) > a l = a 2l+l II ( i(T m) > 
m=l m=l 

22-1 2Z-1 



?t 

- u 2l 

m=l m=l 



0i = °ti n ho > a = ^ n «) . ( 5 ) 



which satisfy the local anticommutation relations 

[a\, a v ]+ = 5 W , [/3j, /?,/]+ = <J K # , (6) 

with all other anticommutators equal to zero. It is easy to transform (§) into a dirac 
hamiltonian with these operators. A naive lattice operator resembling (Q) is 

71 " 1 1 

K = v^E : ^Vi := v^ECq^ + • (7) 

;=o z=o z z 

It is well known that the vaccum expectation value of a z n vanishes [H. We will show 
that the natural choice of a lattice bosonic field operator is similar, though not identical 
to (0). Both operators become (fj) in the continuum limit. 

It is also true that a spin configuration can be viewed as a "height profile" through 
the integer-eigenvalued operator 

n 

K = Y.°t- (8) 

1=1 

This operator strongly resembles (pi defined in (|?p (except for a factor of ^). The 
eigenvalues A n of the h n are restricted by A n+ i — A n = 0, ±1, A = 0. The Hamiltonian 
(|IJ) is equivalent to a restricted SOS-model hamiltonian 

1 AT-l 

H = 5 E E *##n , (9) 

Z n=l ± 

where 

l h n > ^m] = T^^ nm , = . (10) 

In the ground state of the XX chain, the magnetization is zero. Therefore it is clear 
that the expectation value of h n is zero. One can imagine "coarse graining" the spin 
configurations of the SOS model by some sort of renormalization procedure. Since the 
model is known to be gapless, it is reasonable to conjecture that in the infrared the 
height profile becomes a continuous function, described by a free massless boson field 
theory of a field <fi which vanishes on the boundaries. One piece of supporting evidence 
for this assertion is that the central charge of the conformally invariant critical theory 
can be found by calulating the casimir energy (the connection between the two can be 
found in 0). The casimir energy turns out to be identical to that for free bosons with 
dirichlet boundary conditions. 

From the above discussion, it seems that the lattice boson field should be 

<Pn = ^h n = ^±a?. (11) 
z z 1=1 
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In this letter we will show that this is indeed the case. 
By a different jordan-wigner transformation [0] 

n— 1 to—I 

4 = ff n II ° Z m , C n = °n II U m » ( 12 ) 

m=l m=l 

which implies the local anticommutation relations 

[4' C m]+ = finm i [ C n, C m ] + = [c n , 4j + = , (13) 

the antiferromagnetic H=hamiltonian becomes a hopping hamiltonian of free fermions 

H = cos k J (k)c(k) , (14) 
fc 

where fc = ]vTT m ' w = 1, iV and 

2 i 2 i 

c n = (— )2^sinnA;c(A;) , c+ = ( — )^ sinn/c c f (£;) . (15) 

In this formulation, the two-point correlation function of <p n in the heisenberg repre- 
sentation is 

/(n,f;n',f) =< O|T{^(f)05(tf)}|O >= vr < 0|T{/^(t)/^(t')}|0 > , (16) 

where for any operator A, A H (t) = e~ %Ht Ae lHt . In terms of the operators (0) this 
two-point function is 

f(n,t;n',t') = -< 0|T{^[2c^(t) cf (t) - 1] EN^(0^(0 " 1]}|0 > • (17) 
4 i=i i'=i 

We will calculate f(n, t; n', t') for t — t' exactly and show that for iV >> \n— n'| >> 
1 it has the form of the two-point function of a free massless bosonic field theory, in 
which the boson field vanishes at the boundaries. For t ^ t', the lorentz transformation 
properties of the low-lying states should imply that the two-point function has the 
standard form in this case as well. We will give some further arguments supporting 
this assertion at the end of this letter. 

We feel it is important to point out that while (|16"D is the correlation function of a 
bosonic theory which becomes free in the infrared, the theory is not free on the lattice. 
Indeed, the higher-point lattice green's functions < O|T{0^(t) . . ■<^ 2M (£')}|0 >, 
M > 1, are not zero. It seems clear that the interaction in the bosonic theory is 
irrelevant and that all these higher-point functions vanish in the infrared. However, we 
have not yet systematically studied this issue. 

The expression ([LTD can be reduced to 

f(n, t- ri,t) = -^^^ G(k, t' - t)G(k', t - t') sin kl sin kl' sin k'l sin k'l' , (18) 

™ 1=1 V=l k,k' 
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(20) 



where the minus sign results from fermi statistics and the standard fermion propagator, 
G(k, t — £'), is given by 

G(k,t-t') = <0\T{c H (k,t)J H (k',t')}\0> 

= [6(t - 1') < 0\c(k)J(k)\0 > -9(1? -t)< 0\c\k)c(k)\0 >] e -^-*')cosfc _ 

(19) 

Note that < 0\J(k)c(k)\0 >= 6(-cosk) and < 0\c(k)J(k)\0 >= 6(cosk) (this follows 
from the fact that the fermi surface is at cos A; = 0). 
Using 

n n' i n n' 

sin kl sin k'l £ sin kl' sin k'l' = - ^ ^ e ^+*') [ cos k'(s + s') - cos k'(s - s')\ . 

1=1 l'=l & s=-n s '=-n' 

Neglecting a contribution of 0(1/ N 2 ) from the fermi surface gives 

n n' 2 N 

f(n,t;n',t>) = -— £ £ [ W ~ *) E E 1 

ZJV s= _„ s / = _„/ m= i m=f+l 

JV 

- AT 

x [ 0(t - t') £ - 9(1? -t) ]T }e i ^ {s+s ' )m 

m'=l m ' = N + i 
7T 7T 

x [cos (s + s )m — cos (s — s)ml 

1 n + v ' n + v ' J 

x exp[z(t-t)(cos^^y -cos^y)] . (21) 

At equal times, t = t', this expression simplifies further, so that we may carry out the 
summation over m and w? . Replacing iV + 1 by iV introduces errors of order 1/N and 
will not affect (pl|) in the thermodynamic limit. The result is 

ztt » * sin 2 f( g + g Qe-f^') 

t(n,n) = f(n,t;n,t) = > > - ; : 

1 ^ sin^( S + S ') 

sin 2 |(g + gQ sin f (s + s') sin 2 |(g - s') sin f (g - s') 
[ sm ^(s + s>) sin _?_( s _ s ') ' 

The non-vanishing terms in the sum on the right-hand-side of (^) are those for which 
s + s' is odd. For large N we may replace this sum by an integral, dividing by a factor 
of two (because half of the terms in the sum vanish). Defining x = |j| and x' = 
the correlation function is 

f(n, n ) = — / dx [ , dx' [ — ^- ; 1 . (23) 

8-7T J-^j sm z (x + x') sm(x + 1') sin(x - i'J 

Evaluation of the integral yields 

f(n, n') = -[ ln[ Sin f ^ + - M^l) + Li 2 (-^|) ] , (24) 
JK ' 2tt [ 'sin^n-n') 1 tanfg ; 21 tan J ' 1 ; 
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where the polylogarithm function Liz(z) is given by Li 2 (z) = Y^Li Hi- 
lt is simple to take the continuum limit of (0). If we set r = na and r' = n'a, where 
a is the lattice spacing and take N — > oo, with volume L = Na fixed, the two-point 
function of bosonic fields is 

H l\ 1 r, l Sil1 Wi 1 " + r ') I r • / taI1 ff \ , r • / tan 5fM /orN 

f / = h ^ ^ -Lz 2 — +^2 ^7 , 25 

which vanishes for r = or r' = L. 

For L » \r — r'\, the arguments of the polylogarithm functions tend to plus one 
and minus one. Therefore the last two terms merely give a constant contribution: 

oo i / i \r 2 

Li 2 (^r) + Li 2 (-^r) V \ ] =-T, (26) 



so 



tan 


irr 
2L \ 


+ Li 2 ( 


tan 


ITT 

2L \ 


tan 


nr' ' 
2L 


tan 


7rr' / 
2L 




1 

"2^ 


In sin 


71 ( 
— r 

2L V 


- r 



/(r,r') ss In | sin ^(r-r') | + ^ In | sin ^(r + r')| - | , (27) 

which is the massless scalar propagator for dirichlet boundary conditions with an ex- 
pected non-universal constant added. Such constants always appear with lattice regu- 
larizations (see for example Spitzer ||). 

We have only calculated the equal-time two-point function of <p n . There is a simple 
argument (which carries more weight than that based on lorentz properties of the 
spectrum) that the time-ordered correlation function of two field operators at the same 
lattice site but at different times should also be that of free bosons in the infrared. The 
ground state of the XX chain coincides with that of the six- vertex model with parameter 
A equal to zero [|nj. The six- vertex model has an SOS interpretation similar to that of 
the spin chain M . Since the boltzmann factor of this model has 90° rotation invariance, 
its correlation functions should have this invariance also. In the continuum limit, the 
six- vertex model coincides with the XX chain, so the two-point correlation functions of 
the latter will also be 90° rotation invariant. We suspect that the two-point function 
can be calculated in the case of arbitrary space and time seperation. 

We have attempted to make a similar construction on the lattice for nonabelian 
bosonization ||11|| . In particular, we have found a candidate for the chiral boson field op- 



erator of the Wess-Zumino-Witten model, for global symmetry group spin(A) ® [7(1). 
We have not evaluated any of the correlation functions of this field as yet. 

If -ip A , A — 1, ...,4 is a 1 + 1-dimensional dirac field, the Wess-Zumino-Witten field, 
g e spin{4) U(l), is given by 

W = y^9Tf , (28) 

Integrating equation ( p8|) for ji = gives the equation analogous to (0) 

g (x) =Vexp2iTi [ X dz^{z)^{z) , (29) 



o 



where V denotes path ordering, one boundary is again at x = and the bilinear 
ijji (z)ip(z) is understood as a 4 x 4 matrix. 
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There is a lattice spin chain which is equivalent to free fermions with the symmetry 
group spm(4) (g) £7(1) flT2| , fl"3|j . Its hamiltonian is 

i AT-l 

# = 7 £ {t 1 + (-irbfrita + [1 " (-l) n ]PnPn + i) , (30) 

4 n=l 

where the operators at each site n are defined by 

[7n'7n]+ — 25 i In ~ Inlnlnln i Pn ~ ~^ln~1n ) — ~^ Yin i In ] ) (31) 

which constitute a basis for the lie algebra of SU(4). The operators 7^ should not 
be confused with the matrices 7^. The 6 generators of spin{4) are Yl,n n B while the 
generator of U(l) is J2 n ln- 

A jordan- wigner transformation [[12], |13| analogous to (f|), @ is 

= ( % ) , (32) 



21 ^ 2l ~ 1 



where 

«z A = -W* iitI, # f = -wa n ii , < 33 ) 

m=l m =l 

which satisfy the local anticommutation relations 

[af, a B } + = 6 AB 6 U , , [fif, f3*} + = 5 AB 5 IV , (34) 

with all other anticommutators equal to zero. This transformation converts (|30|) into 
a free massless hamiltonian of a majorana-dirac field with 4 real components. 

The lattice operator-valued matrix analogous to the continous operator- valued ma- 
trix ^ A (z)ip B (z) is 

oAB A. B n AB xAB , r,-AB / Q r\ 

"n = 7„7„ = P n Pn = +2ia n . (35) 
On the basis of fl2"§D we conjecture that the correlation functions of 

n 

9n = II eX P 2?r ^m , (36) 
m=l 

are those of the Wess-Zumino-Witten model in the infrared. 

Some time ago Krammer and Nielsen proposed the idea that a "twistable string" 
TM, with only bosonic degrees of freedom on the world-sheet was equivalent to a 



Neveu-Schwartz-Ramond string. These authors were motivated by the construction 
in reference ]12| and argued (using methods quite different from ours) that one could 
describe bosons as well as fermions using (1 + l)-dimensional spin densities. 

In summary, we have found the operator in a 1 + 1-dimensional theory of free 
relativistic fermions whose two-point function is that of free bosons in the infrared. 
This operator is proportional to the integer-valued spin in an SOS formulation of the 
fermionic hamiltonian. Finally we have conjectured a similar bosonization relation for 
a nonabelian theory of relativistic fermions. 
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